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2) ≥ |d(x1, x2)− d(x′1, x1)− d(x2, x′2)|
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h(x, y) = f(x, y)
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γ0(0) = γ1(0) =: x
HB
γ0(1) = γ1(1) =: y
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{
H(0, t) = γ0(t)
H B
H(1, t) = γ1(t)
H(s, 0) = x
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H(s, 1) = y
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γ0(0) = γ1(0) =: x
HB
γ0(1) = γ1(1) =: y
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∀a, b ∈ C ∀x ∈ X a ≤X x ≤X b ⇒ x ∈ C
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x ≤ y ⇔ x ∧ y = x H B x ∨ y = y
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x1 ≤ x2 ⇔ f(x1) ≤ f(x2)
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• ]a,→ [:= {x ∈ X|x > a}
• ]←, b[:= {x ∈ X|x < b}




[a,→ [  ]←, b] HB [a, b] (
]YHL>A@=?ENF';8:¦ ENF'H
]a, b[
 6HLFBgB?=?H ﬃGDW'H).@%ﬃ;DM=M:HL¦ 6;=?8'H¦ ;F B?=?Hﬂ=ﬀK'F'D&Bd3 F'8 ¦?Dﬃ8/5TﬃHB;8
>*L>SH¦?D
a < b
GHLTM@­¦ﬀHQ '=?;G'F'D&Bx $@=ŁH0+:H>  :TMHO$@8:¦
N
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(X, τX ,≤X) ¦?;D&BYF'8 H¦k $@CLH!;=k';8'8'K#:;8¯@
(µ(≤X) ⊆ τX)
[28  6HLFB ';8:R'K,!$8'Dﬃ=
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x 6= y (ﬁZﬁ;>S>AH­T=};=.'=?H ≤ HL¦BB?;B @Tﬀ$;8
 6HLF:BW¦?F' / ;¦?HL=WENF'H
x < y
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°D
]x, y[= ∅ @TM;=ﬀ¦;8d ;¦?H I := {t ∈ X|t > x} HB J := {t ∈ X|t < y} (
°D
]x, y[6= ∅ ¦ﬀ;DﬃBqF'8 KLTMK>AH8 B z 'H ]x, y[ ;8  6;¦ﬀH I := {t ∈ X|t > z} H B J := {t ∈ X|t < z} (














∀u ∈ I ∀v ∈ J u 6≤ v
±.;8:
I × J H¦ﬀB2F:8¯;F'ﬃHL=B 'H (X, µ(≤X))× (X, µ(≤X)) :DM¦ ﬀ;DM8 BQ'F|5=@# 'J:Hu'H ≤X (±.;8:
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∀x ∈ X ∀y ∈ Y

g(y) ≤X x ⇔ y ≤Y f(x)
x ≤X d(y) ⇔ f(x) ≤Y y
f(x) = y ⇔ g(y) ≤X x ≤X d(y)
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(γn, ..., γ0)
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∀i ∈ {0, . . . , n− 1}, tgt(γi) = src(γi+1).
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γn ◦ ... ◦ γ0 ∈ Σ =⇒ ∀i ∈ {0, ..., n}, γi ∈ Σ.
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B=?@8'¦9<;=?>A@CBDﬃ;8'¦(KTMK>AH8NB@DM=ﬀHL¦K B @8 B
(γn, ..., γi, ..., γ0) ∼m (γn, ..., idsrc(γi), ..., γ0)
¦?D
γi
9 @DﬃBe $@=ﬀB?DMH$}F'8'H­6;F'TMH'H C
(γn, ..., γi, ..., γ0) ∼m (γn, ..., idtgt(γi), ..., γ0)
¦?D
γi
9 @DﬃBe $@=ﬀB?DMH$}F'8'H­6;F'TMH'H C
(γn, ..., γi+1, γi, ..., γ0) ∼m (γn, ..., γi+1 ◦ γi, ..., γ0) ¦ﬀD (γi+1, γi) HL¦ﬀBW;>  6;¦?@'TMH'@8'¦ C
[28 @S@CTM;=ﬀ¦(T-@*;>  6;¦?@8 BH C 'H­T-@*;F'8'D&BK';8'8'KLH $@C=TMH.9<;8:BHF'=YENF';BDﬃHL8 B Q∼ : C −→ C∼






ﬃK=?D"!$HTM@  '=?;  :=?DMK BK­F'8'D"ﬃH=?¦?HTMTﬃHJ:HL¦@#Bﬀ;Dﬃ8NB?¦43













e';8'8:HPTﬀ @)Bﬀ;DM8 B$3Q5@F' J'H ENF'H T=};8\8';B?H
r
(#+H ¦?HL;8/J ;DM8 B+HL¦B#DM>S>AK'D-@CB& 'F'Dﬃ¦?ENF'H)¦?D C
HL¦B#F'8'H  @CB?K5;=?DMHŁ¦?@8'¦#;F'LTﬃH# @TM;=?¦+@F:LF'8u'HL¦²>S;=k 'J:DM¦?>SHL¦
:H C 8$ @) / $@=?@ %MB$@C8'¦²F'8'H ;F'LTﬃH
HBQ:;8'2TM@*L;8/5=?F'H8'LH5K8'KL=?@TMDﬃ¦?KH 'KL=?D&BH­@Fg'H¦?¦ﬀF'¦YHL¦ﬀBB?=?D"ﬃDM@TMH)Dﬀ(H)(qHLTﬃTMH8$D'HL8 B?D!$H\ENF'H\H
ENF'D:H¦ﬀBŁK5 @Tﬀ(]YKLDW '=ﬀ;ENF'H>AH8NB ;8ﬃC@ ﬃKL=?D"!$HL=EGF:H# ¦?D ∼ H¦ﬀBŁTM@.L;8/5=?F:HL8'He5KL8:KL=@CTMDM¦ﬀKLH:'KL=?DﬃB?H
ﬃ

@Fg'H¦?¦ﬀF'¦6@Tﬃ;=?¦ C∼ HL¦BY¦@8'¦Y6;F'TMH#(q]WH> @=ﬀENF';8'¦O'Kqk3 EGF:H\ J$@ENF'H ∼ ¤LTM@¦?¦ﬀH$}KLENF'DﬃC@TﬃHL8'H
@\F'8S=?H :=?KL¦ﬀHL8 B @C8NBﬁENF'D$HL¦BﬁF'8:HW¦ﬀF'DﬃB?HL;>* 6;¦@:TMHO'H C ( H B $@¦ ¦?HF'TMH>AH8NB!) ∼o ¤ L;>* 6;¦@:TMH(H B








x ∼o y N@TM;=ﬀ¦ γ 9 @DﬃBj $@=ﬀB?DMHeF'8:HW6;F'TMHO'H C HB ';8: (y, (γ), x) ∼m (x, (idx), x) ∼m
(y, (idy), y)
( ±.;8'
Endo(r(C)) H¦ﬀBF'8'H  @CB?K5;=?DMH :DM¦?=k BH#(S±.H* 'TﬃF'¦²¦?DŁ;8 @ (y, (γ), x) HB
(x′, (γ′), y′)
@%ﬃHL
x ∼o y′ HB y ∼o x′ ²@Tﬃ;=?¦ γ H B γ′ 9<;8 B $@=ﬀB?DMHu$F:8'H( >*L>SHM)W6;F'TMH1:H C
HB­¦ﬀ;8 B';8' :HL¦\=?H '=?K¦?H8NB@8 BF'8:H LT-@C¦?¦?H D'HL8 B?DﬃBK)( ±;8'
Endo(r(C)) H¦ﬀB­F'8:H  @CB?K5;=ﬀDMH
'Dﬃ¦?L=.B?H HB  :F'=?H $@8'¦
r(C) x @# :=kL¦ TMHAB?J'KL;=kL>SHA7?7?7E(  ( U' r(C) H¦ﬀB ';8' ¦@C8'¦*6;F'LTﬃH#([28
@Dﬃ8'¦?D '=?;F'ﬃK\TﬃHL¦-:HLF+M '=?H>ADﬃHL=?¦: ;DM8 B¦(Ł+H.B=ﬀ;DM¦ﬀDWL>SHW8';F'¦(H¦ﬀBO:;8'8'K2H¦?¦ﬀHL8 BDﬃHLTMTﬃHL>SHL8 BO $@C=ﬁTMH
TMH>A>SH27ﬀ7?7E( (y( ²H\9 @D&BENF'H­T-@  6HBD&BH\L@CBK5;=?DﬃH
⊥ α // >
¦?;DﬃBYF'8d5K8'KL=?@CBHF'=YHL¦ﬀBYB?=?DﬃGDM@T=GHL8 HNHB$#}HL¦ﬀB@'Kqk3 F:8K5K8'KL=?@CBHF'=Q'H 14tﬁu HBWDMTH¦ﬀBWDM>S>SK'DM@CB
















f, g : C1 → C2 'HF+ﬂ9<;8' BHF'=?¦'Dﬃ¦ﬀB?DM8' B¦2H8NB?=?HT'HF+ﬂL@CBK5;=?DﬃHL¦\¦?@8'¦\6;F'LTﬃH#
DMT8';F'¦9 @F:B­>S;8 B=?H=.ENF$}DMTqH0+DM¦ﬀB?H F'8 9<;8' BHF'=
h : C2 → E BHTqENF'H h ◦ f 6= h ◦ g (!VDM8'¦ﬀD=DMT
HL¦B2¦ﬀF S¦@8 B'H '=?;FﬃHL=ENF'H1 6;F'=W J$@ENF'H (  H BDﬃB?HM) @CB?K5;=?DMH!¦@C8'¦.6;F'TMH C HBWB;F:B2;F/ 'TﬃH
$};GﬀH B¦2:DM¦ﬀB?DM8' B¦
(x, y)
'H C HBWB;F:BWL;F/ :TMHJ'H>S;=. 'J'DM¦ﬀ>AH¦O'DM¦BDﬃ8'B?¦ γ, δ :H C[x, y] $;8 @
'HF+ 9<;8' BHLF:=?¦





;8 ¦?F:DﬃC@8 BH)6 6;F'=(B?;F:BW;GﬀH B
z
:H C 
• ¦ﬀD z vo x @CTM;=ﬀ¦ h(z) = ⊥
• ¦ﬀDM8';8 h(z) = >
HB ∀γ ∈Mo(C)
• ¦ﬀD src(γ), tgt(γ) vo x @TM;=?¦ h(γ) = id⊥
• ¦ﬀD src(γ), tgt(γ) 6vo x @TM;=?¦ h(γ) = id>
• ¦ﬀDM8';8$;8 @ 8'KLH¦?¦@CDM=?H>AH8 B src(γ) vo x HB tgt(γ) 6vo x (< @= C HL¦ﬀB.¦@8:¦2;F'LTﬃHu';8'
vo H¦ﬀBF'8'H!=?HT-@CB?DM;8d$};=k:=?H $@=BDMHT+HB src(γ) vo tgt(γ) )H B.;8K 6;¦?H h(γ) = α (ﬁ±2@8'¦
H!L@¦Y;8 @ K,ﬃGDW'H>A>SHL8 B

















F'8'H­;8'¦?KENF'HL8'H1'F 9 @DﬃB(EGF:H C ¦ﬀ;DﬃBY¦?@8'¦Y6;F'LTﬃH#(
ﬃ
U
±2@8:¦ŁTMHﬁL@¦Ł;$#*Tﬀ;8 @ 'HLFG+ >S;=k 'J:DM¦?>SHL¦
γ, δ
'H C ¦?F/ / 6;¦ﬀ;8'¦ ENF'H γ, δ 8 @DﬃHL8 Bx $@C¦qTMH¦q> >AH¦








h′(γ) 6= h′(δ) (
V.Dﬃ8'¦?Dﬀ';8d 6HLF:BW¦?F' / ;¦?HL=WENF'H
γ, δ ∈ C[x, y] ( §;F:¦4:K!$8'Dﬃ¦?¦ﬀ;8'¦@TM;=ﬀ¦ h′ @Dﬃ8'¦?Dﬀ6j 6;F'=F'8 ;GﬀH B
z
'H C
• ¦ﬀD z vo x @CTM;=ﬀ¦ h′(z) := ⊥




• ¦ﬀD src(ζ), tgt(ζ) vo x $;8z 6;¦?H h′(ζ) := id⊥ (
• ¦ﬀD src(ζ), tgt(ζ) 6vo x $;8z 6;¦?H h′(ζ) := id> (














src(ζ1) vo tgt(ζ1) = src(ζ2) vo tgt(ζ2) (WV.Dﬃ8'¦?Dﬀ¦ﬀD tgt(ζ2) vo x +@Tﬃ;=?¦ h′(ζ1) =
h′(ζ2) = id⊥
6¦ﬀD
src(ζ1) 6vo x 
@CTM;=ﬀ¦ h′(ζ1) = h′(ζ2) = id> ¦?D src(ζ1) vo x H B tgt(ζ2) 6vo x 
@Tﬃ;=?¦8';F'¦­@%ﬃ;8'¦'HLF+ ¦?;F:¦¤L@¦J3 KB?F/'DMH=6¦?D
tgt(ζ1) vo x ²@TM;=ﬀ¦ h′(ζ1) = id⊥ HB h′(ζ2) ∈
{α, β} ﬁ¦?Dﬃ8';8 tgt(ζ1) 6vo x Y@CTM;=ﬀ¦ h′(ζ2) = id> H B h′(ζ1) ∈ {α, β} ( ±2@C8'¦AB?;F'¦ TﬃHL¦S @¦
h′(ζ2 ◦ ζ1) = h′(ζ2) ◦ h′(ζ1) HL¦ﬀBW¦?@CBDﬃ¦ﬀ9 @D&Be';8: h′ H¦ﬀBWF'8 9<;8' BHLF:=( V.Tﬃ;=?¦ h′(γ) = α  'F'Dﬃ¦?ENF'H






£;F'=²¦?H L;8LﬃC@Dﬃ8'L=ﬀH:HPTﬀ @%ﬃC@8 Bﬀ¤ 'HL=ﬀ8'DMH=
 ;DM8 B% DMTC¦?F  BU'H =?H> @=ﬀENF'HL=²ENF'H TMH¦#>S;8';>A;=. 'J'Dﬃ¦?>SHL¦
'H"qsr
14tﬁu
¦?;8 BqB;F:B L;>S>SH LHF+ :H
14tﬁu
ŁTMH¦ 9<;8' BHF'=?¦1:;8 B T-@| '@=ﬀB?DMH ;GﬀHB H B T-@z $@=BDMH
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£;F'=2B;FB5=?;F/ ;  'H G ( ﬃGFL;>A>SH F'8:H* 6HB?DﬃB?H* @CB?K5;=?DMHW), r(G) = {∗} +@F:B?=?HL>SHL8 B:DﬃB%
TMH















£;F'=B?;F:BH4 6HBD&BHW @CB?K5;=?DMH C  r(C) = C ¦?D6HBﬁ¦?HF'TMH>AH8NB¦?D C HL¦B(¦@C8'¦ﬁ6;F'TMH ( #}HL¦B(TﬃH   
 6;DM8 BQ'F BJ'K;=k>AH\7ﬀ7?7E(

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)H¦ﬀB¤s3 ¤ 'DM=ﬀH.ENF$@F'LF:8z:HL¦O'DM@#5=@C>A>SHL¦ $@8:¦







   

  
RqB @8 B4';8:8'KLH­F'8'H (  H BDﬃB?HM)ﬁL@CBK5;=?DﬃH C :T-@  @CB?K5;=?DMH HelixN(C) HL¦B4'K!$8:DMH\L;>A>SH\¦?F'D&B%6ŁTM@
L;TMTMHB?DM;8*'HL¦ﬁ;GﬀHB?¦-'H
HelixN(C) HL¦B Ob(C)×N H B(HLTMTﬃH@:HL¦(>S;=k :J'DM¦ﬀ>AH¦:'H (x1, n1) ﬃHL=ﬀ¦
(x2, n2)
HL¦B
• ∅ ¦?D n1 6≤ n2
• ∅ ¦?D n1 = n2 H B x1 6= x2





• {(n1, f, n2)/f ∈ C[x1, x2]} ¦?D n1 < n2 (
Zﬁ;>S>AH\;8z 6HLFB¦}® @CB?B?HL8/'=ﬀH#;8d 6;¦?H
src(n1, f, n2) := (src(f), n1) = (x1, n1)
tgt(n1, f, n2) := (tgt(f), n2) = (x2, n2)
id(x,n) := (n, idx, n)
(n2, g, n3) ◦ (n1, f, n2) := (n3, g ◦ f, n1) ';$# ¦?=ﬀ (]5 ).B\5BM(<9*)-$@8'¦ C.
±.H 'TﬃF'¦a 6;F'=(B?;F:B9<;8' BHF'=
F : C1 → C2 $8';F:¦@%ﬃ;8'¦WF'8 9<;8'B?HLF'=
HelixN(F ) : HelixN(C1)→ HelixN(C2)
HL8z 6;¦@8 B
HelixN(F )(x, n) := (F (x), n)
HB
HelixN(F )(n1, f, n2) := (n1, F (f), n2).
RŁ8K '@=ﬀB?DMLF:TMDMH=
HelixN(C) H¦ﬀBF'8'H­¦?;F:¦¤L@CBK5;=ﬀDMH'H­T-@  @ BK5;=?DﬃH '=?;G'F'D&B C × N $;$# N H¦ﬀB
HL8:¦?HL> 'TMH­;=.';8'8'KﬃGF L;>S>AH\F:8'H H BDﬃB?H\ @CB?K5;=?DMH)(
^:CB  j







projN,C : HelixN(C)→ C  ENF'DHL¦B'K!$8:D '@=
projN(x, n) := x
HB
















HelixN(C)[(x1, n1), (x2, n2)] 6=
∅ HB (x1, n1) 6= (x2, n2) +@CTM;=ﬀ¦ n1 < n2 L;8:¦?KLENF'H>A>SHL8 B HelixN(C)[(x2, n2), (x1, n1)] = ∅
HB $@='K,!$8'DﬃB?DM;8
HelixN(C)[(x, n), (x, n)] = {(n, idx, n)} 













8'Hﬂ :=?KL¦ﬀHL= ﬃHg $@¦TMH¦
L;TMDM>SDﬃB?HL¦C8';F'¦Ł¦@%ﬃ;8'¦ EGF:H
I
8$@  $@¦x$@#Bﬀ;DM8 B 3 '=ﬀ;DﬃB?H#(]WH> @=ﬀENF';8'¦ŁENF'H)G'@8'¦qB;F:BŁLHENF'D
 '=ﬀKL'H#;8d 6HLF:BY=ﬀHL>* 'T-@CLHL=
N













Helix : Cat × PoSet → LfCat ';8NBAT-@  $@C=ﬀBDﬃH ;GﬀHBAHL¦Bﬂ:K!$8'DﬃHK 6;F'=
B;F:BH  6HB?DﬃBH¯ @CB?K5;=ﬀDMH C HB B?;F:B HL8:¦?HL> 'TMHﬂ;=.';8'8:K P  $@= Helix(C, P ) := HelixP (C) 
HB:;8 B­T-@M $@=BDﬃH*>A;=k 'J'Dﬃ¦?>SH H¦ﬀB'K,!$8'DMH  6;F'=2B?;F:B29<;8'B?HLF'=
F
@) / $@=BHL8'@8 BJ3
Cat[C1, C2] 
 6;F'=­B;F:B?H @# ' 'TMDﬃ @CB?DM;8
G










Helix(F,G)(x, n) := (F (x), G(n))
H B- 6;F'=PB;FB
γ
@# / '@=ﬀB?HL8$@8 BT3
Mo(C) HB*B?;F:B n1, n2 @) / $@=BHL8'@8 B 3 P1 j $@= Helix(F,G)(n1, γ, n2) :=
(G(n1), F (γ), G(n2))
(
1e ﬃAﬁZ2H¦ﬀBF'8'HﬃK=?D!' @CB?DM;8 =?;F:BDﬃ8'DW=?H#(









'H TM@K '=ﬀ;  ;¦?DﬃB?DM;8 7?7ﬀ7E(
 
( d HF:B B?=?H  '=?;Tﬃ;8/5KSHL8 F'8 9<;8' BHLF:=
Helix′ :




Helix = Helix′ ◦ (IdCat, F ) :¦?;DﬃBH8'L;=ﬀH­TMH 'DM@#5=?@>A>SH
L;>A>*FB @CB?Dﬃ9²¦?F:DﬃC@8 B%6












RqB @8 BU';8'8:KLHL¦F'8'H (] 6HB?DﬃBHW) @CB?K5;=ﬀDMH C HBF'8'HP @ BK5;=?DﬃHP¦?@8'¦#;F'LTﬃH L  Ob(Helix(C,L)) :=
Ob(C) × Ob(L) HB Helix(C,L)[(x1, n1), (x2, n2)] := ∅ ¦?D ( n1 6vo n2 ;F ( n1 = n2 HB x1 6=
x2
) )0
Mo[(x, n), (x, n)] := {id(x,n)} H B Mo[(x1, n1), (x2, n2)] := Mo[x1, x2] ×Mo[n1, n2] ¦?D
n1 vo n2 (%V.Dﬃ8'¦?DY8';F:¦ @%ﬃ;8'¦ :K!$8'DWF'8'H ¦?;F'¦¤  @CB?K5;=ﬀDMHd'H C × L PTMH¦A¦ﬀ;F'=?HL¦(LDﬃ'TMH¦ HB
L;>  6;¦ﬀB?DM;8:¦ŁKB @C8NBJ'K=?DﬃB?KLH¦:'HYH@ '=ﬀ;:F'DﬃB(qRqB @8 B:';8'8:K
F : C1 → C2 F'8S>A;=k 'J'Dﬃ¦?>SHO'H 14tﬁu
HB
G : L1 → L2 F'8 >S;=. 'J'DM¦ﬀ>AH2'HAqEr 1xtsu ';8K 6;¦?H
Helix(F,G)(x, y) := (F (x), G(y))
Helix(F,G)( x1
α // x2 , n1
β // n2 ) := ( F (x1)
F (α) // F (x2) , G(n1)




 6HLF:BW9 @Dﬃ=?H 6HL8'¦ﬀHL= 3 F'8¯@8$@Tﬃ; 5F'H\L@CBK5;=?DﬃENF'Hu:HHENF'D²HL¦B
L;8'8NF 'H¦!B?;  ;TM; 5F:HL¦­@T5KL'=ﬀDM¦BHL¦\;>S>AH TﬃH =?H,ﬃ B?HL>SHL8 BF'8'DﬃHL=ﬀ¦?HLTHﬁE(AxH0+:H>  :TMH ¦ﬀB@8/$@=.
HL¦B¯HLTﬃF'D'F LHL=ﬀLTﬃH









F'8'H@ '=?;_ﬀHLB?DM;8AKﬃGDW:HL8 BH@'H.TﬀJ'KTMDﬃLHY¦?F'=TMHWLH=?LTﬃHH B(DﬃT$HL¦ﬀBﬁF'8 9 @D&BP'DMH8 L;8'8NFM'H.TM@­B?;  6;TM; 5DMH
@T5KL'=ﬀDMENF'H KLTMK>AH8 B @Dﬃ=?H EGF:H B;F:B  J'HL>SDM8
γ
¦ﬀF'= TﬃH¯LH=?TMH H Bg $@=B @8 BM:H
x0
@ F'8 F'8'DﬃEGF:H
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γ1 : y ×W ∼= B1
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f ∈ G[y, x] ﬀﬁ  Fﬀ¦ α := PΣ(f) 6 c := PΣ(x) ( °&/ / ,ﬀ¦ﬀ'¦
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Σ := {α, β}
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g ◦ σ1 = σ2 ◦ f
h ◦ τ1 = τ2 ◦ f
6
Σ := {σ1, σ2, τ1, τ2}
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(g) ∼1 (g, idsrc(g))
(g, idsrc(g)) ∼1 (g, σ1)
(g, σ1) ∼1 (g ◦ σ1)
(g ◦ σ1) = (σ2 ◦ f)
(σ2 ◦ f) ∼1 (σ2, f)
(σ2, f) ∼1 (idtgt(f), f)
(idtgt(f), f) ∼1 (idtgt(f) ◦ f)
(idtgt(f) ◦ f) = (f)
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(f) ∼m (g)  NF	
(f) ∼1 (idtgt(f), f)
(idtgt(f), f) ∼1 (σ1, f)
(σ1, f) ∼1 (σ1 ◦ f)
(σ1 ◦ f) = (σ2 ◦ g) ﬃﬁﬀﬁ'!ﬂ1!a5ﬁ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(σ2 ◦ g) ∼1 (σ2, g)
(σ2, g) ∼1 (idtgt(g), g)
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C[s(σ), y] // C[Σ−1][x, y] C[x, t(σ)] // C[Σ−1][x, y]
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+ C[x, y] 
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+ C[x, y]  C[x′, y′]
ﬀﬃﬂ C[x′′, y′′] " } x  x′  x′′  y  y′ ﬀﬃﬂ y′′  "/$(ﬂ ﬀ ﬀ  " 576 ﬀCﬂ Kﬀ ﬀ C ﬂ ﬀﬃ.  790:ﬀ x ∼o x′  x′ ∼o x′′  y ∼o y′
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x v y  x ∼o x0  yn ∼o y 
h^# ∀k ∈ {1, ..., n}, yk−1 ∼o xk 
%# ∀k ∈ {0, ..., n}, xk v yk 
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x v z1 v ... v zn v y ﬀCﬂ
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f ′0 // x′1
f ′1 // x′2
f ′2 // x′3
f ′3 // x′4 ..... x
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f ′n−1 // x′n
























































































































































f ′′n−1 // zn
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V alx,y(fn, ..., f0) :=


























































































































































































































































δ = (fn, ..., fk+1 ◦ fk, ..., f0)  *<24! ﬀ 24$  ﬀ  2 ﬀlﬂ 2 :) w .1ﬀF.#ﬀ'*+*+ﬀ !# x*# Rﬁ .>2  0:!1ﬂ ﬀ
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) = V alx,y(f






















(f) ∼m (f ′) "$B2Kﬀ'$  2 ) ﬂ !  0-.#!1ﬀ ) x ∼o x′ ﬀCﬂ
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idy // y ∨ y = y
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ﬀ {1, . . . , n} ﬀ 24$  {1, . . . , n′} 
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.1ﬀﬃﬂ −→x := (x1, . . . , xn) ﬂ ﬀﬃ.d790:ﬀ
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(−→x , k,−→x +−→ek)  " } k ∈ {1, . . . , n} ﬀﬃﬂ −→x
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Rﬁ# ∀n ∈ N, U((n)) := ∆(n− 1)
h^# ∀n ∈ N, ∀i ∈ {0, . . . , n}, ∀ε ∈ {0, 1}, U(δn,i,ε ) := δn−1,∆i
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∀n ∈ N, λn ∈ Set[Cn, Sn−1] ﬀﬃﬂ ∀i ∈ {0, . . . , n}, ∀ε ∈
{0, 1} 
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[a, b] × [c, d]× [e, f ] ∈ C3  ="/$T!#*2 P ﬀL2 ) .1ﬀ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(b, c, e), (a, d, e), (a, c, f)
"
}
[a, b]× [c, d]× [e, f ] ∈ C3 L"$" " ﬀ 5 !#ﬀ'$ -)
λ3
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x ∈ R -ﬀ =" ) ﬂ ﬀ%780-ﬀ
{x} × [a, b]× [c, d] ∈ C2 "0 [a, b]× {x} × [c, d] ∈ C2 "/0 [a, b]× [c, d]× {x} ∈ C2 L"$" " ﬀ
λ2
({x} × [a, b]× [c, d])
λ2
(
[a, b]× {x} × [c, d])
λ2
(
[a, b]× [c, d]× {x})




[a, b]× {x} × {y})
λ1
({x} × [a, b]× {y})
λ1
({x} × [c, d]× [a, b])


























































































∂1,∆0 ((b, c, e), (a, d, e), (a, c, f)) := ((d, e), (c, f))
∂1,∆1 ((b, c, e), (a, d, e), (a, c, f)) := ((b, e), (a, f))
















































































































































































































































































































































































[a, b]× [c, d]× [e, f ]) := {0, 1, 2}
λ2
({x} × [a, b]× [c, d]) := {1, 2}
λ2
(
[a, b]× {x} × [c, d]) := {0, 2}
λ2
(
[a, b]× [c, d]× {x}) := {0, 1}
λ1
(
[a, b]× {x} × {y}) := {0}
λ1
({x} × [a, b]× {y}) := {1}
λ1
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∀n ∈ N, en−1 ◦ λn = λ′n ◦ gn.
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ﬀﬂ {(x, y) ∈ R2|x2 + y2 =
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S1×N×S1 2  ﬀ  s(x, n, y) = x ﬀﬃﬂ t(x, n, y) = y 9.>2
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(y, p, z)◦(x, n, y) :=
{
(z, n+ p, x)
=! _
xy ∩ _yz = {y} "/0 S1
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(y, p, z) ◦ (x, n, y) :=
{








(x, n+ p+ 1, z)
!#$-"$  




















t 7→ ei2pit   
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ε ∈ R -.#ﬀJ*+" )  5 !#*ﬀ :ﬀ ) 2 5 ﬀ0-!  2$(ﬂ
	 // 	
x  // x+ ε [1]
(x, n, y)  // (x+ ε [1], n, y + ε [1]) ,





































x 7→ x + ε [1]  ), =ﬀ ), ﬀB.1ﬀ$=!  $L24ﬂ=0 ) ﬀ































































































φ−1 ◦ ρ ◦ φ " ρ ﬀﬂQ.#2 ) "ﬂ62Gﬂ !#"$  24$  .#ﬀ 2piε   ﬀﬂ;   -! ) ﬀJ. 20:ﬂ="/*" )  5 !	=*+ﬀ
	 // 	
x  // ρ(x)
(x, n, y)  // (ρ(x), n, ρ(y))
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0 ∈ V X2.1" )  !#. ﬀ	
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0 ≤ x ≤ y < 1 "/$H2 φ−1(]x, y[) =]φ′−1(y), φ′−1(x)[
ﬀﬃﬂ

















































(]0, 1[,≤) L2$ (]0, 1[,≤) !QﬀCﬂ






















(]0, 1[,≤) L24$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(]0, 1[,≤) // (]0, 1[,≤)
x  // φ(x)






























x  // φ′(x)





















































































































































































































0 < φ(x) < φ(y))
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(]0, 1[,≤) // (]0, 1[,≤)
x  // φ(x)
(x, y)  // (φ(x), φ(y))
"/0
(]0, 1[,≤) // (]0, 1[,≤op)
x  // φ(x)
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x  // φ(x)
(x, n, y)  // (φ(x), n, φ(y))
"/0
	 // 	op
x  // φ(x)
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(]0, 1[,≤) // (]0, 1[,≤)
x  // φ(x)
(x, y)  // (φ(x), φ(y))
(]0, 1[,≤) // (]0, 1[,≤op)
x  // φ(x)




































x  // φ′(x)
(x, n, y)  // (φ′(x), n, φ′(y))
	 // 	op
x  // φ′(x)
(x, n, y)  // (φ′(x), n, φ′(y))
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a ≤ b  b− a ≤ 1  ei2pia = x ﬀﬃﬂ ei2pib = y  







n ∈ N ﬀCﬂ ﬂ="/0:ﬂ ﬀ=0:!1ﬂ ﬀ ﬁ $-!1ﬀ x1, ..., xn   "  	ﬀﬃﬂ -ﬀ'0 
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ﬀﬃﬂ ∀k ∈ {1, ..., n−1} ρ(xk) = xk+1   





ρn = Id	  
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[0 = x1, x2[∪... ∪







































































































































Xﬀ {x1, ..., xn} ﬀﬃﬂ.1ﬀ ﬀ  "$3!#$:0-!#=2$(ﬂ;0-$:ﬀb2  ﬂ=!#"/$ﬂ-ﬀﬁ.#2 ﬀ ) *S0:ﬂ62Gﬂ !#"$ (1 2 ... n−1 n)
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) {x1, ..., xn}   

































































































































(x, 0, y) ◦
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=!1"/$ {0, 1}   // [0, 1]  


























































































































x  // x
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(N,+) // (	 [x, x], ◦)
















































(y, 0, x) ◦
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p + q = n + q
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q // x =


















































































































































([0, 1],≤) // 	
x  // x [1]
(x, y)  //
{
(x [1], 0, y [1])
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!1ﬀ C ﬀﬃﬂ σ ∈ C[x, y] 0-$O*" )  5 !	=*+ﬀ -ﬀ C ﬀ

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 C[x, x]  !1.;ﬀ3




 C[y, y] ﬂ=ﬀ'.d780-ﬀ σ ◦ δ = γ ◦ σ   A.#2RDE"/$  ﬂ=!#"/$




















 C[y, y]  !1.Uﬀ3




 C[x, x] ﬂ=ﬀ'.d780-ﬀ γ ◦ σ = σ ◦ δ   Z.#2RDE"/$  ﬂ !#"$
Ψσ : C[y, y] // C[x, x]





















 C[x, x]  !1.;ﬀ3




 C[y, y] ﬂ ﬀﬃ. 780-ﬀ σ ◦ δ = γ ◦σ 
     "/0 ) ﬂ="/0:ﬂ *+" )  5 !#=*+ﬀ γ 2L2 ) ﬂ ﬀ'$-2$(ﬂ
 C[y, y] (!1.:ﬀ	

























Ψσ ◦ Φσ = IdC[x,x] ﬀﬃﬂ Φσ ◦Ψσ = IdC[y,y].
    
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Φσ(δ2 ◦ δ1) = Φσ(δ2) ◦ Φσ(δ1)  -"/$  Φσ ﬀ ﬂc0-$T*" )  5 !	=*+ﬀ-ﬀA*"/$:";H -ﬀ    ﬀ
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Ψσ(Φσ(δ)) = δ  
 
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Φσ(Ψσ(γ)) = γ   
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fσ : C[x, x] // C[x, y]
δ
 // σ ◦ δ
ﬀﬃﬂ
gσ : C[y, y] // C[x, y]
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σ ◦ gσ   
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fσ : C[x, x] // C[x, y]
δ
 // σ ◦ δ
ﬀﬃﬂ
gσ : C[y, y] // C[x, y]
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 C[x, x] L!#. ﬀ3













 C[y, y]  !1. ﬀ	
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!1ﬀ C   4X"/!1ﬀ'$(ﬂ x ﬀCﬂ y -ﬀ'0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 C[x, y] L2.1" )  !1.Yﬀ	




 C[y, y] ﬂ=ﬀ'./780-ﬀ σ2 = f1◦σ1 24!#$!/780 0:$ 0-$:!#780-ﬀ!#"/*+" )  5 !#=*+ﬀ f2 2L2 ) ﬂ ﬀﬃ$L2$(ﬂ 
C[y, y] ﬂ=ﬀ'.(780-ﬀ σ1 = f2◦σ2   4X"0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 5 2( "ﬂ 5 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 C[x, x] ﬂ ﬀﬃ.-780-ﬀ σ2 = σ1◦g1 2!1$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 C[x, x] ﬂ ﬀﬃ.Y780-ﬀ σ1 = σ2 ◦ g2   4X! -ﬀ-.10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σ2 ◦ γ1 ◦ σ1 = γ2 ◦ σ2 ◦ σ1     ﬀ
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bσ1 = σ1a, cσ2 = σ2b, b
′σ1 = σ1a
′, c′σ2 = σ2b
′
ﬀCﬂ
σ2σ1a = cσ2σ1 = σ2σ1a
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:0-!#790:ﬀﬂ "0 .1ﬀA*"$-";H :ﬀ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  %  (' γ = σ ◦ δ ◦ σ−1 ﬀCﬂ

















































β ◦ α1 = β ◦ α2 ﬀﬃﬂ α1 ◦ β = α2 ◦ β    "/0
 " ="/$
ey := α1 ◦ β ﬀCﬂ ex := β ◦ α1   N^.  !#ﬀﬃ$(ﬂZ790:ﬀ 780-ﬀ'.780-ﬀ "/!1ﬂ
n ∈ N L"/$O2











α1 ◦ enx = α1 ◦ epx ⇔ eny ◦ α1 = epy ◦ α1
⇔ α2 ◦ enx = α2 ◦ epx
⇔ eny ◦ α2 = epy ◦ α2




























   7 "8




!-.1ﬀZ20 ﬀ'$ -ﬀ 
   7 "8 
2
)
δ ∈ C[x, x] 7−→
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-ﬀ C ﬀﬃ$  ﬀ'$ )=, ﬀ"-2 ) α1 ﬀﬃﬂ β 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t ∈ [a, b]
γ(t)
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s, t ∈ C[∗, I] ﬂ=ﬀ'.#b780-ﬀ "/0 ) ﬂ "0:ﬂQ20:ﬂ="/*" )  5 !	=*+ﬀ φ -ﬀ I 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φ◦ψ ◦φ−1 ﬀ ﬂ 0-$<240:ﬂ "/*+" )  5 !#*ﬀ -ﬀ I ("/$<2 {φ◦ψ ◦φ−1 ◦s, φ◦ψ ◦φ−1◦ t} =


























{(φ−11 ◦ φ2) ◦ φ−12 ◦ s, (φ−11 ◦ φ2) ◦ φ−12 ◦ t} = {φ−12 ◦ s, φ−12 ◦ t}
:"/$
 {φ−11 ◦ s, φ−11 ◦




















































"  	ﬀﬃﬂ; ﬀ

*+ﬀ'$(ﬂU$  !1* "
)



























































































































































































































































n ∈ N 0-$  "   /$-ﬀ (n · I, i(n)1 , ..., i(n)n ) ) ﬀ )=, =ﬀ'$(ﬂ 2$(ﬂc.>2  "/.#!1*!?ﬂ ﬀ-0-!>2 ) 2*+*ﬀ
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n, p ∈ N
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q · I = (ap + b) · I = (an + b) · I 2  ﬀ 
an+ b < ap+ b = q  
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q′ · I = q · I  " T.#2 ﬁ $-!?ﬂ 0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n ◦ t    0-!	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n ∈ C[n · I, (n+
p) · I] ﬀﬃﬂ r(n+p)p ∈ C[p · I, (n+ p) · I] -ﬀ =" ) ﬂ ﬀZ780-ﬀ{
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(n+p)




k ∈ {1, ..., n}
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(n+p)























n ◦ t = t(n) ﬀCﬂ l(n)n = r(n)n = idn·I   N^.  !#ﬀﬃ$8ﬂﬁ2.1" ) 















































h ∈ C[(n + p) · I] ﬂ=ﬀ'.d780-ﬀ
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k ∈ {1, ..., n}




k ∈ {1, ..., p}








































































































h ∈ C[(n + p) · I, X] ﬂ=ﬀ'.d780-ﬀ{




k ∈ {1, ..., n}



























n · I, i(n)1 , ..., i(n)n
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ﬀCﬂ(
p · I, i(p)1 , ..., i(p)p
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α = h◦ l(n+p)n ﬀﬃﬂ β = h◦r(n+p)p   4X! h′ ∈ C[(n+p) · I, X] ﬂ ﬀﬃ.
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(n+ p) · I, i(n+p)1 , ..., i(n+p)n+p
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-"/$T2
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φ ∈ C[I, I] "$ 2!?ﬂ {φ ◦



















































0 · I = ∗  1 · I = I  i(1)1 = idI
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D(n) := n · I ﬀCﬂ "/0 ) j ∈ {0, . . . , n}(= [n + 1]) 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Γ(X)[x1, x2] // Γ(X)[x2, x1]
γ  // γ ◦ φ
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Γ(X)[x2, x1] // Γ(X)[x1, x2]














































= C[∗, X]    0:!# , ﬂ624$8ﬂ-"$-$ ,  x ﬀCﬂ y -ﬀﬃ0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f ∈ C[X, Y ]  2.#" ) b"/$T2+0:$ODE"/$  ﬂ ﬀﬃ0 )














































































































γ ∈ C[n · I, X]  "/0 ) n 6= 0 $ ﬀﬂ
L2g$-ﬀ'0Xﬂ
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, ∀γ, δ ∈ Γ(X)[x1, x2],
γ ∼X δ =⇒ f ◦ γ ∼Y f ◦ δ.
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0 · I ∼= ∗   

































































































(∗ → X) +&!ﬀx&# ;   f ◦(∗ → X) y&!! ∼X   ' H (*&   ﬃ'   [ n · I α // X ]∼X
+&#ﬀ$ ∼Y   ,8+H (*&  ﬃ  
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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 ! !ﬃ!!ﬀ3&!Y=ﬀ &"H&!!aﬀ+!ﬀ+ +"

ﬁ# −→pi1(−→X )  
 




























































 −→pi 1(X)[x, y] % %2+/! # ∼X   'H (*&   ﬃ'   [γ]∼X
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C[n · I, X]  ﬃ"ﬃ !  ﬃ&!ﬀ x   4  f ∈ C[X, Y ] bﬁﬀ8
f ◦ cnx = cnf◦x
 
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α ∼X β   A +&#/0  ! h3











n ∈ N  1 ≤ n e&!!ﬂ+&  " ﬁ   !ﬂ #14 /   γn, ..., γ1
"'(*&!ﬂ=ﬁ&!ﬀ
k ∈ {1, ..., n} '! !&h A$, ﬁ "! γk +ﬃ*$ﬀ'=    /0 xk−1  xk {
α = tn · γn · ...t1 · γ1 · t0
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α = tn · γn · ... · t1 · γ1 · t0
α′ = t′n · γn · ... · t′1 · γ1 · t′0
β = tp+n · γp+n · ... · t1+n · γ1+n · t1+n















β · α = tp+n · γp+n · ... · t1+n · γ1+n · (t1+n · tn) · γn · ... · t1 · γ1 · t0































f ◦ (γ ·δ) = (f ◦γ) · (f ◦δ)  !ﬀ'c!ﬀ+&  !

































































































































α = tn · γn · ...t1 · γ1 · t0
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α = αn · ... · α0
β = βn · ... · β0
 ∀k ∈ {0, ..., n}∃i ∈ I αk ∼iX βk

 ;  ! !'&
α ∼X β 'ﬁﬀ'(&   53



































ﬂ!'& ∼X 5+ﬀ"ﬃ     !ﬃﬀ  ﬁ%"ﬀ+&    ﬁ   4h&;+ﬁ5(&# α ∼X β 
α′ ∼X β ′ (*&!w, ﬁ  ! α +   ! !&h! β =  ﬀ%"& ! ' ;ﬁ"  5(*&! β ′  α′ ﬁ

























′ 5(&#7(*&! +  5%   # 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β ·γ0, ..., β ·γp %&!#ﬃ+&  " ﬁ   # 14 /   ! X "'
(*&!































































!ﬃ {0, ..., n − 1}   2v:&!# (&   ﬃ  G  /0"  ﬀ?"ﬀ γp+1+k · α′ A
γp+2+k · α′   9  +&G ﬃﬃﬀ' !  ﬃ  ! ﬀﬀ3, &  +





'&!ﬀ+5(&# ∼X 3&!#  ﬁ  ﬀ+&!  &!ﬀ Γ(X)  xj  ﬁ ﬂ A1ﬃ #ﬁ!! `(*&! f ◦ (γ · δ) =


































































































 !ﬃ"ﬀB"! (*&!(*&!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I × I 3
  "    	"ﬀ  ﬃ  



























ﬀ8 ∗ ! f ;&# +ﬀ+aH&!$!3(&!"ﬀ`/ﬁﬀ8 4! +/0 &   ﬃﬀ idI × s 















t× idI  ﬀ8  !ﬀ+  "
s× idI !#&  3,  ﬃ& 14 
idI × t  ﬀ'$ 4 ﬃ&h











































































































































































































































































jg ◦ (idI × s) A
jd ◦ (idI × t)   




















































X1 X2 Xn−1 Xn



























 {1, ..., n}, Xk ∈ {Tg, Td, I× I} *
% %ﬂ+
 
		     ﬀﬁ
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
I × I 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H ∈ C[I× I, X] +D(*&!

* H ◦ (s× idI) ◦ i = α A H ◦ (t× idI) ◦ i = β  i  %3ﬃ  ﬁ/ﬃﬀ 4! +/0 ﬃ!ﬁ  (*&!   I







p ∈ C[∗, I× ∗] ﬁ H ◦ (idI × s) ◦ p = x  H ◦ (t× idI) ◦ p = y *































































I× I ∗ × It×idIoo s×idI // I× I 	




















































H2 · H1 * 
`Eﬃ&!ﬀ+ "   "&ﬂ  ﬁ  a(*&!'K-.ﬁA"&#ﬀ
−× I !ﬀ+ +ﬀ  `'  +ﬁ/0/ﬃ/ﬃ  ﬃ/0/   ﬁ  ﬁ ﬂﬃﬀ%  &!  ﬀ 	 (*&! I  %)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ﬃ& &!ﬀ ∗ ﬁ   ﬁ   ﬃ$  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I + I ∼= I   / #    +/0)&#    +  ﬃ ,   ﬂ    ﬁ  ﬃ 4 ﬃ/ﬃ+    ! ﬀ     ﬁ=
p; ﬁ





































































H2 · H1     &
 4 ﬁ/0ﬃ"ﬂ   ! ﬀ        ﬃ2 !ﬁ  








































































α ◦ t = β ◦ s ﬁcﬃ'ﬁﬀ α′ ◦ t = β ′ ◦ s * 














β · α  β ′ · α′  ﬃ   
 ﬀ+ﬃ
Kp · idα, ..., K1 · idα, idβ · Hn, ..., idβ · H1 *  ﬃﬀNﬃﬂﬃ' ﬁ 

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n · I′, i′(n)1 , ..., i′(n)n
)
;ﬃ&!ﬀ
n ∈ N * 




































































n · I, i(n)1 , ..., i(n)n
)
;ﬁ&#ﬀ
n ∈ N 3(*&!

* ∀n ∈ N U(n · I′) = n · I   ﬃa ﬂﬃﬀ  &!  ﬀ U(I′) = I  U(∗′) = ∗ ﬁ
%





* ∀n ∈ N, ∀k ∈ {1, ..., n}, U(i′(n)k ) = i(n)k
ﬁ


























 {1, ..., n} ﬁqﬁ  U(s′(n)) = s(n) A

























U(s′) = s, U(t′) = t, U(i
′(n)
































































U(∗′) = ∗  % !&-.ﬃﬀ")!&  +(*& ﬃH'  / = +5&!!a    + +ﬀ  " *
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ﬀﬁ(ﬀﬁﬃﬂ ! &ﬀﬁ  	  	 ﬀ#( %  *
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[0, 1]× [0, 1] +q(*&! x ≤ x′  y ≤ y′ ﬁ  ;	













C[n · I, D] +)(*&!(
U(γ)
)

















X_O;^EfﬂT [_Z GXSZvXST SO=^JOﬂVWORQFT@ZrfﬂXS^	T  TIﬁ7i.Z 
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ﬀﬁ(ﬀﬁﬃﬂ !ﬀ#&%   "$ﬁ("9 ﬂ6  *
4h





























γ ∈ C[n · I′, X]  δ ∈ C[p · I′, X] =ﬁ&!ﬀ n, p ∈ N ﬁ ﬂﬃH %, ) ! ﬀ+  & 
























































































[0, 1]× [0, 1]

























































































































































































































































α ∈ C[n · I′, X] A β ∈ C[p · I′, X] ﬁnﬁ   ﬁ U(α) ∈ T[n · I, U(X)] 





























α ◦ t′(n) = α ◦ s′(p) ﬁ  ﬃ2, ) # ﬀ+`(*&! α A β ﬁ$`/ /0   ^'!&h * 
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f ∈ C[X, Y ] ﬁ%1ﬃ     ﬀ   !    ﬁ 6 *  *    * 
 ;&#  ﬃ` ﬀ  ﬀ f ﬁ&
,G-.ﬁﬀ+/0
f = f ′ ◦ ζX ﬁ; ζX  %aﬃH&!  (*&!N-.ﬁA"&#ﬀ   X  ﬀ  ∗ * k ﬁ/0/ U(∗) = ∗′ ﬁeﬃI
U(f) = U(f ′) ◦ U(ζX) ﬁ  ﬁ U(f)  ﬃ"ﬃ * 
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		        ﬀﬁ
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    
	ﬀ+,

ﬁ ∼X rﬀ+  ﬂ3












































































f ◦H =ﬁ&!ﬀc ﬃ  / ;ﬁﬀ%"3(*&!R-.ﬁA"&!ﬀ
f ∈ C[X, Y ] ﬁ  ﬃH< !ﬀ/ 






























































































































































   
 ﬁ
 	


















































































































































































































































































































































































































































































































































































































































































θ : [0, 1] −→ [0, 1]  )ﬁ  &#? ﬀ+  "*+ ﬁ
ﬃ'ﬁﬀ
δ ◦ θ $ﬁﬀ>&!: ' /0   dX ﬁ
%
* dX
 % %12'# ﬂﬃﬀ ﬁ P" !

























t ∈ [0, 1
2
]


















































f ◦ δ ﬂﬂﬃﬀ  *  dX2 ﬁﬂﬁr ﬀ  $2'#&  /ﬁ/0
f(dX1) ⊆ dX2.
M

























































































































































[0, 1] // S1
t
 // (cos(θ(t)), sin(θ(t)))
W"X QSK:TZY [G\+]_^:RUa.K.Z ` QpV#QSTYX&Z a4`^V2OhcbaJc5TFJNXJNTF[jV:QSf QhcFRUOSK>T8]f
X
^MPJ5V#J5K:XQhK^c^#X] V2OSRUKc XJL_^]:JNXJNMPJjc8cFJNcdaJc T8J0^




















































































































(X,→X)    
 ﬁ_ﬁ = + dX :=
{
(δn · ... · δ1) ◦ θ














































f ∈ RSpc[(X,→X), (Y,→Y )] A`(*&! (γn ◦ ... ◦

























































































ﬁ!ﬁ ;ﬂ+ →X , #& =  " ﬁ&"I ﬂﬃﬀ%  5-.ﬀ/    X ×X ﬃ*+ﬂ* {(x, y)|∃δ ∈
dX, δ(0) = x, δ(1) = y} * k ﬁ/0/08"ﬁ&K  4 /  ﬁ%1ﬃ+ﬁ  ﬃ dX ﬁxﬁ





(X,→X)  a&# ﬀ"I ﬂﬂ * 
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 !ﬀ+ﬁ'ﬁmﬁ8&!-.ﬁA"&#ﬀ ﬁcﬁﬀ+r!" 
R
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0 ≤ t1 ≤ t2 ≤ 1 * j  !ﬀ+ﬂﬃ θ  ﬃ ﬂ!     ﬁ# ﬀ+  "*+Y(*&   /ﬃ   [0, 1] +&!ﬀ
[t1, t2]
ﬁeﬁv/0ﬁ"ﬀw(*&!
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ﬃ:' !ﬀ+  
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η(X,dX) : (X, dX) // I(R(X, dX))
x  // x




















(X, dX), I(Y,→Y )
]
ﬁ`ﬃ'ﬁﬀ
(f × f)−1(→Y )  %$&!!`ﬀ+,  ﬁ8ﬀ+ !  /ﬃNA3-.ﬀ+/0 5(&  ﬁ   {(x, y)|∃δ ∈ dX, δ(0) =
x, δ(1) = y} ﬂﬀ 4 ;ﬃ 4	  +&!ﬀ f * * ﬁ →X⊆ (f × f)−1
( →Y ) ﬁ)ﬂﬃH %+I KI ! ﬀ+E(&#
(f×f)(→X ) ⊆→Y * * ﬁ f    &  7&!G/ﬃﬀ 4! +/0 g ∈ RSpc[R(X, dX), (Y,→Y )] "#(&#
f = I(g)◦η(X,dX) *  g1 A g2 ﬁ  &LK" y/0ﬁﬀ 4# +/0   ﬀﬂﬁ 




























































ﬃH&!Cﬀ9I   ﬂﬂ

















(f(X), (f × f)(→X))
(*&






(X,→X) * M ﬃ  / ﬁ ﬂﬃﬀ I  		




































R a I   ﬀ  "  3 4  ﬁﬀ  /059+99 *  * H ﬁ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[0, 1] // S1
t
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s, t : PX −→ X0 A  ﬃ2&!#  ﬃ ﬂ!     ﬁ
ﬃ*

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P(X) = {x} ﬁﬂ=ﬁ&!ﬀ_  ﬂﬂ  7)' ﬃ "S, ﬂ  ﬀ+ {0, 1} Sﬁ ;  s(x) := 0

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 ﬁ ﬂﬂ>ﬁﬀ+ !&('#














































































































































































































Vi × Vi $(*&!






x ≤Vi y ≤Vi x
;ﬁ&#ﬀ
x, y ∈ Vi ﬁbﬁﬀ   c  "C&#   !  j  ﬃ
I ")(*&! x, y ∈ Vi ∩ Vj A x 6≤Vi∩Vj y
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I := {0, 1} * k ,  ﬀ+/0 ﬁ




x ∈ X{0,...,n} "' c(&# x0 = a  xn = b * M ﬁ + ﬂ  ﬁ   x ∈ X{0,...,n} +&  /   
y ∈ X{0,...,p}  % z ∈ X{0,...,n+p−1}   zk = xk   0 ≤ k ≤ n  zk = yk−n−1   n < n+ p− 2 ﬁ
ﬂﬃﬀxh/ !
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x ∼X y   A +&!/*ﬀ  n = p 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x ∼X y *
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C := Cat *
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α(1) ∈ G *
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[0, 1] // [0, 1]
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n ≥ 2 ﬁ#ﬁ = + n · I := [0, 1] * 































































 !'& ﬁ_ "ﬃ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γ1 : n · I = [0, 1] −→ X ﬁ γ2 : m · I = [0, 1] −→ X  γ3 : p · I =
[0, 1] −→ X " 5(*&!K'  ﬂﬀ = A  /ﬁ    γ1 A   γ2 +  `   '!&#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γ2(1) = γ3(0) *

YGﬃﬁﬀ 
γ3 · (γ2 · γ1) = (γ3 · γ2) · γ1  
·  %5 ﬁ" ﬂ  ﬁr"'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'`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ﬁ& +&#ﬀ {0}  /ﬃ'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/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 · ﬁ (n, γ)  (p, γ) !+ﬃ* ﬂﬂ    (&#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 n 6= p *&D ﬃﬀ`#/ #ﬂﬁ   n 6= n′
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β = β ′
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β ·α 6= β ′ ·α′   	 
 '  (*&!5 ﬃ2ﬁ ﬃ+ﬀ+/ﬁ β ·α ∼= β ′ ·α′  ﬃ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n · I := [0, n] A
i
(n)
k : [0, 1]
// [0, n]
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ﬁ ﬁ = 
0·I = {0} ﬁ 1·I = −−→[0, 1]  ;ﬁ&#ﬀ n ∈ N n ≥ 2 ﬁ n·I := −−→[0, 1] * 
` ; 
 Gﬁﬃ/* =ﬁ&!ﬀ
n ∈ N\{0} A k ∈ {1, ..., n} i(n)k : x ∈ I =
−−→
[0, 1] 7−→ (k−1)+x
n


















































































































































































































I := [0, 1]
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[0, 1]× −−→[0, 1] * 
 /ﬁ ﬀ  ﬂ  //0 ! "/ (*&!w,#ﬃ  ﬁ   !4 ﬃ/ﬃ+    ﬁﬀ  "




























































































α ∈ dX /ﬃﬀ β ∈ dX S&!N/ﬁﬀ  4! +/0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. ⊆ [0, 1] × [0, 1] ﬁy"'8(*&! {f : [0, 1] →
[0, 1]|f  % ﬁ  &#NA f × f(.) ⊆ .} = {γ : [0, 1] → [0, 1]|γ   ﬁ  *&!aA ﬀ+  +ﬃ" } *
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c . d * 6
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 ≤⊆ . *
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a . a * d
ﬃ"ﬁN(*&!






















# ;&#ﬀﬂﬂ A"ﬀ ∅ ﬁ {(x, x)|x ∈ [0, 1]} ﬁ& [0, 1]× [0, 1] * j 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 ≤⊆ .     ﬃ2 P2 ﬁhﬁr ≤op⊆ . * &; ﬁ !ﬃﬀh/ !'(*&!     P1  ﬁ   ﬀ+ﬁ
a, b ∈ [0, 1] ";(*&! a < b * 
! =&# ﬂﬂ  /ﬃ  ﬀ b . a   !ﬁ P2 ﬀ"   ﬃ&  +  -@  " * * ﬁ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a ≤′ b   A &!'/0   ﬃ

z ≤ a ≤ b < z′   z′ w +&+&!ﬀ   z  ﬃ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[0, 1] // S1
t
 // ei4pix

























































[0, 1], a0 <

































































































































































































i, j ∈ {0, ..., n} " w(*&!









θ−1(bj) 6 .θ−1(bj+1) '  :(&#















































































2 	 		43  3 4  <  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n ∈ N− {0} ﬁ*"ﬁ&h))' ﬃ A (I, 0 = a0 < ... < an = 1)     




I, 0 < 1
n
< ... < k
n

















































































































































0 · I = {0} ﬁ
1 · I = −−→[0, 1] A =ﬁ&!ﬀ n ∈ N n ≥ 2 ﬁ n · I :=
(




< ... < k
n
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 S20∪...∪S2n
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∣∣∣  e  %"a&!         !'4 ﬁ/0ﬃ"    q"ﬀ γ  δ}















































f ∈ RSpc[X, Y ] ﬁ α, β  &L !  4 /   &!ﬀ X  H &!! !4 ﬁ/"      α /ﬃﬀ β ﬁ
ﬃ'ﬁﬀ






















n, p ∈ N !ﬁ *&!  ﬁ5&# 2' ﬃ  X     
<  &L #  4 /   γ ∈

















δ ∼X γ *







































































































































































































































0 · I  %)&!! ﬂ 4 ﬁ    ﬃ*qﬁ =ﬁ&!ﬀﬀ"+   -@  ﬀ+  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&#ﬀq-@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 ﬁ
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[0, 1]× [0, 1]  `,wﬀ,P  ﬃ (s, t) . (s′, t′)   ﬀ&!'/0ﬀ 
t ≤ t′ *
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γ : n · I −→ (X, .) 
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, 1)]∪ [( k
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(s, t), (s′, t′) ∈
[0, 1]× [0, 1] ﬁ!ﬁ = + (s, t) .3 (s′, t′)   A &!'/0  (





























s ∈ [0, 1
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β · α A β ′ · α′ * 
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γ ∼n·I δ *
C< : :ﬀ3ck
























































































t ≤ ψ(t) 









































ai ≤ t ≤ ai+1 =⇒ ai ≤ (1− s)t+ sψ(t) ≤ ai+1





































































































































































































































































































n · I =ﬁ&!ﬀ3&! ﬀ%1  r  ﬀ n ∈ N * 6    ﬁY γ(a0) ≤X γ(a1) ≤X
... ≤X γ(an−1) ≤X γ(an) ﬁ  ﬁ γ(0) ≤X γ(1) ﬁ  *  * H ′(s, t) ≤X H ′(s′, t′) *

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pi1 ◦ r′ * 6 &h"ﬀ+/ ! 
Gj_SORbfZY  ] O] akQ VfFOV#O^T8RbcFRUOSKEff
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x ∈ X ﬁ
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F ([γ]dih) = [γ
′]∼X *
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j ◦pi1(−→X ) *ZD ﬀ +ﬁ&    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(pi′1 ◦ i(f))([γ′].ho) = [i(f) ◦ γ′].ho
ﬃﬁﬀ a(&#


































(r◦pi′1)◦(i′◦r′) = r◦(pi′1◦i′)◦r′ = r◦(i◦pi1)◦r′ = (r◦i)◦(pi1◦r′) =
Id 	
  ◦(pi1◦r′) = pi1 ◦r′ * M   ﬀ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= {∗} * M ﬃH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M(A, .A)[x] ∼= (N,+)  ﬃ    ﬁ
ﬃ'ﬁﬀa(*&!
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I2 −→ (X,X × X)  r&#! !4 ﬁ/"     ﬃ   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 γ /ﬃﬀ γ′
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α : I −→ X ﬁ γ : −→I −→ (X,X×X)  b&# #  4 /    ﬃ 		


















[γ′ · γ].ho = [γ′].ho · [γ].ho ﬁ
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x vi2 y *
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(Vi,vi)i∈I &!ﬀ X  Y &! +ﬃ&9I 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 X ﬁx,Y-@ﬃ/  ' (Vi ∩ Y,vi
∩(Y × Y ))i∈I 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(Vi,vi)i∈I +&!ﬀ Y *
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 v ﬁ;ﬁ&#ﬀq"ﬃ&# ﬁ&!' (x′, y′)   A×B ﬁhﬁ x′ 6v y′ * * ﬁ v 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W ×W * 
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y 6∈ U *
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: −→A // −→B


























(Vi,vi)  (V ′i′,v′i′) *
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X ′, (V ′i ,v′i)i∈I′
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X, (U,v |U) ﬁq  X























































































































x ∈ [0, 1]


















































































































































































































































































































































































































i ∈ I A i′ ∈ I ′ +?(*&! A ⊆ Vi ∩ V ′i′













































































(Vi,vi) +&#ﬀ A ﬁﬂ-@  3'&  I / / ﬂﬃﬀ    a,K-@ﬃ/  '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 A  %/K  /ﬃ  ﬃ
(P,⊆) ﬁﬂﬃﬃﬀ +ﬁ&#" ﬁ&"I -@ﬃ/  ' ! ﬀ  ﬁ    A   /0)&!# '=ﬁﬀ! +&= ﬀ  &!ﬀ+  ﬃ A Aﬀ;ﬁ&#ﬀ
"ﬃ&#
(B,vB) ⊆ (A,vA) ∈ A, (B,vB) ∈ A   vB   ,Kﬀ %"ﬀ    ﬁ   vA +&!ﬀ B *
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s(∗) := 1 * M   4 /  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α, β ∈ LPoSpc[I, (X, (Vi,vi)i∈I)] +s(*&!
α(1) = β(0)
ﬃ = +






t ∈ [0, 1
2
]
β(2t− 1)   t ∈ [1
2
, 1]

























































































































































































































B ∩ B′ ⊆ Vi ∩ Vi′ ﬁ "  4 ﬃ?(*&!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t ∈ [0, 1
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Uα, (Vi,vi)] * 









































supα<β sup(Uα) = 1
ﬁeﬃﬁﬀ 
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0 < α1 < ... < αn * D
&

 ﬁD/ /0 ﬃ

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U0, Uα1 , ..., Uαn

























 {1, ..., n} ﬁ`ﬁ

inf(Uαj ) v inf(Uαj+1) < sup(Uαj ) v sup(Uαj+1) * 6







































γ(0) = γ(y) @Vi γ(x1)


































ﬃ {1, ..., n − 1} ﬁx!ﬃ&G4/ﬁﬁ γ(xj) @Vi γ(xj+1)
A
γ(xn−1) @V γ(1) * 

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/0 ﬁ!'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X × Y  &!   ﬂﬂ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 >@' .@ - ) =A 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X × Y * 






















 !'& ﬁ 

f, g ∈ LPoSpc[X˜, Y˜ ] ﬁhﬃ'ﬁﬀ




































































































































































































































H ∈ LPoSpc[I × I, X˜] "(*&! H(0,−) = α ﬁ H(1,−) = β ﬁ H(−, 0) = α(0) = β(0) 
H(−, 1) = α(1) = β(1) * 
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X˜ := (X, (Vi,vi)i∈I) ﬁ   H &!! !     ﬁﬁ  &#


[0, 1]× [0, 1] /ﬁﬀ  X "'(*&!);ﬁ&#ﬀ3+ﬁ&#ﬀﬂﬀ"ﬃ/  +ﬀ+ s   [0, 1] ﬁ#ﬁ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H(s,−)  S&!) 4 /   ! ﬀ  ﬁ +&!ﬀ X˜ ﬁ ﬂﬃH %+I KI ! ﬀ+y&#N  /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LPoSpc[I, X˜] *
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A = [δ′, 1]
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A = [δ′, 1] *
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rt1 , ..., rtn
"'(*&! {δ′}× [0, 1] ⊆ ⋃i=1,...,nB((δ′, ti), rti) * 







]δ′ − ε, δ′]× [0, 1] ⊆
⋃
i=1,...,n
B((δ′, ti), rti) ⊆ H−1(Vj)
A























 >(*&!w ﬃ2ﬁY /& ﬁ
H(s,−)   /ﬃ&!ﬀ  ﬃ  ﬃ2ﬂﬂaﬁﬀ  ﬃ!! 
(Vj,vj)  "  -@  "   s(H(s,−)) = t(H(s,−)) = x    ﬁ  ﬃ2ﬂ!ﬀ  5'N 4  ﬁﬀ  /0ﬀ59+99 *VU* HH ﬁ



















































H(s,−) )ﬁ"ﬃ" * 









H(s,−)  ﬃ"ﬃ * 
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[0, 1]× [0, 1] ﬂﬃﬀ [0, 1[×[0, 1] *
C< : :ﬀ3
9  +& 0

`!ﬃ"ﬀ(*&!
[0, 1[×[0, 1]   #4 ﬁ/0 ﬃ/ﬁﬀ  4   [0,+∞[×[0, 1] !&  )(*&!
[0,+∞[×[0, 1]  )'#"*& ﬁ/0/N,0ﬀ+ &#  ﬁ    ﬃﬀ+ﬀ   K,G-.ﬁﬀ+/0 [n, n + 1] × [0, 1] ﬁ; 





























R2\{(x, y) ∈ R2|x2 + y2 < 1} * M 3  /"  &:ﬀ+ ﬁ&7/ﬀ+/ ﬁ  Nw-.ﬁﬀ+/0
Vθ1,θ2,ε1,ε2 := {εeiθ|ε1 < ε < ε2; θ1 < θ < θ2}\{(x, y) ∈ R2|x2 + y2 < 1}
 
0 < ε1 < ε2
ﬁ
0 < θ1 < θ2

θ2 − θ1 v 2pi ﬁ!(*&!NﬃHﬁrﬁﬀ  ﬁ!! ﬂﬀ

































]ε1, ε2[×]θ1, θ2[ // Vθ1,θ2,ε1,ε2
(ε, θ)  // εeiθ
M
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 ∗ &!ﬀ 1 * j ﬂ ﬁyﬃE!"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φ : [1,+∞[×[0, 2pi] // X˜
(s, t)  // (s · cos(t), s · sin(t))
D
ﬂ+ﬁ







[1,+∞[ ﬁnﬃE H(s, 0) = H(s, 2pi) * 










































[1,+∞[×[0, 2pi] ﬁﬂﬁY g(s · eit) = H(s, t) = h(s) * 
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H ◦ φ(−, 0) A H ◦ φ(−, 1) +ﬃ* ﬁ"ﬃ" *
φ : [0, 1]× [0, 1] // X
(s, t)  //
{ (





)(1− s) + s , 2(t− 1
2
)s+ (1− s) )   t ∈ [0, 1
2
]
C< : :ﬀ3 k
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i(α) = β *
2





























i(α1) ∼i(−→X ) i(α2)
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p ≥ 2  : ﬃ*
/ ;ﬃﬀx(*& % ;+ ;ﬃ
'(*&0  % '= 
 * 









































n1, ..., nk ∈ N  k ≥ 1 * d ?  ? FE$A > ﬃ ?  % Z/0Z ∼= Z ﬂ
Z/1Z ∼= {0} B%  ;C ﬁ  ﬃ') ? A @ E$A ? 
 ?  3A A ?  @ E$A 










 {1, ..., k} ﬁ ?  % ni 6= 1 *:G H  ?  @%I D   %> A >  @ A&J ? 




N×N / %> A @  B%  > ﬃ' I ' >     A
  B
   ﬃ'$
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n ∈ N  ? A @  ? A ? ' ﬃ   )B ﬁ 
 > A   ﬃ % / ? 
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n ∈ N ﬁ −→
H n(
−→
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 ∗ 7−→ 0 ∈ −−→[0, 1]  ?IﬃI LAﬃDE$A

















































































   ∩  ) / *
	 "  b)   ﬁ 
 >   D @% 
 ?  % ' >   ﬃ' / 






















 ∗ B%  [0, 1]   ? 
) % MA  ? (' @% 
































































i ∈  ) /;ﬂ f ∈   ﬁ %>?@  > %  ?II  %I%>  %II D
A





























i := f := ∗ 7−→ 0 ∈ −−→[0, 1] ﬁ ?  ? '





































































































































































































(∗ 7−→ 0 ∈ −−→[0, 1]) ∈   ﬁ
%
*

























































f ∈  CP  
 R @   )
 / I $  ) /0P 	









f ∈   P 	
 R @ 3 
 / I   ) /0P 	 
 R ? A    P 	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 ∗ @  @ D$!A  @?  @%IﬃI    E$A
  J % 
6 @ 
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U ⊆ X  ? : > :E$A x  y

y  x ﬁ %>?@ 4
 > 
FA % A @  ? AL/ @  V  > E/A x, y ∈ V ⊆ U ⊆ X I% 
4E$A x 6 y ? A
y 6 x *  
8  A ﬁ 
 ?  % x 6 y B%  V ﬂ E$A > ﬃ ?   ? 
 	@  V ′ ﬁ ?  / ? A @% 
7 ?@ 
E$A
x 6 y B%  V ′ * ;7
  D4K @%ﬂ A
6 J ?@I  >>  I   %@:> ;J % 
6KE/A > ﬃ ?  % AJ % 
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(a, b, c) ∈ Ob(C)×Ob(C)× Ob(C) @ A >? 
I;JA ?I ? ? 9

 ? 






























  ∀(a, b) ∈ Ob(C)× Ob(C), ∀α ∈ C[a, b], id(b) ◦
a,b,b
α = α ◦
a,a,b
id(a) = α @
%





































Ob(C) 9 ?  ? %@ ;D =B
6
 ?  > :9"5 ﬁ &(' ; C  % ;
M9 E$A AAL
;
Mo(C) D9 ?  > :9 56*$	)
 &   G  ?  @%!% A9 9
 ida % A > 
A ; id(a)  @ '


















@ ◦ 9 @% 9
 I ? >  I  ?I 
9   M % >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 ;HA ?I ? ? 9
6





































Mo(C)   M  ? @  I 
 @ﬃ% 
 ?I ﬀ ? @ 
 I  >CB'% 9 9 ? A
 % 
 / 
































































































































































































































































 C @    ? A(' > 
 %   ◦  id @ ?  ? '
9A  @% ? J;
ﬃ>5ﬂ "!  / -0&# '  











(fn, ..., f1) @
?
 
n ∈ N @  >>  E/A!E$A > E/AG9 ? 
 > B 
;





























































































































































6 (fn, ..., f1) :9HA ?I ? ? 9 % ' >  @
• 9
 > % 9A
 (fn, ..., f1)  B >9 ? % 9 / 
; @ %>?@ 9 t(fn) = b  s(f1) = a @
• 9
 > % 9A
 (fn, ..., f1) >9 / 














• ida := (a, a) @
H
1/.
• src(b, (fn, ..., f1), a) := a @
• tgt(b, (fn, ..., f1), a) := b @











































































































































 C1  / %> A @ 9 ; % 9:A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